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Abstract. The correct treatment of the close-to-boson character of excitons is known to be a major problem.
In a previous work, we have proposed a “commutation technique” to include this close-to-boson character
in their interactions. We here extend this technique to excitons with spin degrees of freedom as they are of
crucial importance for many physical effects. Although the exciton total angular momentum may appear
rather appealing at first, we show that the electron and hole angular momenta are much more appropriate
when dealing with scattering processes. As an application of this commutation technique to a specific
problem, we reconsider a previous calculation of the exciton-exciton scattering rate and show that the
proposed quantity is intrinsically incorrect for fundamental reasons linked to the fermionic nature of the

excitons.

PACS. 71.35.-y Excitons and related phenomena

Non-linear effects in the optical properties of semiconduc-
tors have received considerable interest, both experimen-
tally and theoretically. In these non-linearities, the inter-
actions between carriers play a crucial role. Up to now,
two types of theoretical methods have been proposed to
deal with these interactions.

One method starts with the exact semiconductor
Hamiltonian written in terms of the free electron and free
hole fermion operators ax and by, and ends with the so-
called semiconductor Bloch equations [1], or better, with
an elaborate hierarchy of 2n-point density matrices [2-5]
which are then dynamically truncated to a given order in
the radiation field. These approaches basically lead to a set
of coupled equations for the time evolution of some expec-
tation values of these free electron and free hole fermion
operators. As the Bloch equations originally rely on the
Hartree Fock approximation, various extensions have been
proposed to include some correlation effects. In particular,
it is possible to recover the low excitation regime, in which
the free electron-hole pairs give rise to exciton resonances,
by dropping all non-linear terms denoted as exchange pro-
cesses [1]. However, being written in terms of free electron-
hole pairs, these procedures are obviously appropriate to
systems well represented by free pairs. Even if various cor-
relation effects can be included, these methods are mainly
suitable at high density, when the screening is such that
the ezact correlations making the excitons are not crucial.
For dilute electron-hole plasma however, these approaches
can appear as starting from the “wrong” side, in the sense
that, the excitons being the proper states at low density,
they not immediately appear as the zero order terms. It
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is a priori rather subtle to extend these procedures with
complete security to the low density regime in which the
excitons play the dominant role.

The other method seems much more appealing at first
in the low density regime, since it relies on the fact that,
in this limit, the electrons and the holes are bound into
excitons; as these excitons are made of two fermions, they
very much look like bosons due to the spin statistics theo-
rem. This idea leads to the so-called bosonic method [6], in
which the exact excitons are replaced by boson-excitons
and the exact Hamiltonian by an effective Hamiltonian
H.g in which appear boson-exciton operators. In addi-
tion to an obvious free exciton energy part, this effective
Hamiltonian must contain the interactions between exci-
tons which are dominant at low density. Besides a “di-
rect” term, which corresponds to Coulomb interactions
between excitons made with the same couples of electrons
and holes, (e,h) and (¢/,h’), it has been shown [7] that
the interaction part of Heg also contains an “exchange”
Coulomb term which corresponds to Coulomb interactions
between excitons made with different couples of electrons
and holes, (e, h) and (e’, h’) on one side, while (e, ') and
(¢, h) on the other side. It is said that this exchange term
has to be introduced in order to take into account the
fermionic character of the excitons, i.e. the fact that the
excitons are made of two fermions which can be coupled
in different ways. We have been amazed to realize [8] that
this exchange term, quoted by everyone for 25 years, is
incorrect since it induces a non-hermitian part in the ef-
fective exciton Hamiltonian. Even if this dramatic error
is fixed, which is always possible at least intuitively, the
major trouble with this bosonic approach actually comes
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from the fact that it misses purely fermionic terms [9]:
Indeed the fermionic character of the exciton does not ap-
pear through Coulomb exchange terms only.

This fermionic aspect is indeed very subtle, and it is
necessary to use a “full-proof” procedure to derive all its
consequences properly. The previous approaches, which
all [10] end with incorrect results, were too intuitive to pick
up all the consequences of this fermionic aspect properly.

In short, we can say that:

(i) On one hand, the semiconductor Bloch equations
and their extention through 2n-point density matrices use
“clean” free electron and free hole fermion operators. They
have however problems with Coulomb interaction and its
resulting correlations, which suffer from truncation proce-
dures (even if they are somehow “controlled”). Indeed this
Coulomb interaction must be included exactly in order to
properly handle the evolution of the exciton bound states,
i.e. the poles in the response function, which dominate at
small density.

(ii) On the other hand, the bosonic method introduces
the exact exciton states a priori, but uses “too clean”
boson operators to represent these excitons, so that it
misses some important consequences of their underlying
fermionic structure.

What we would really like to do is to work with ex-
act excitons a priori, i.e. electron-hole pairs in which the
Coulomb interaction responsible for the bound states is
put ezactly, while we properly handle the fact that these
excitons are not real bosons. This is this approach we
are now proposing. It has already been briefly reported
in reference [8], without the spin degrees of freedom for
simplicity.

The paper is organized as follows:

In Section 1, we recall some very basic results on exci-
tons in semiconductors to settle the notations.

In Section 2, we introduce the Coulomb creation oper-
ator ViT between the exciton i and the rest of the system
and show how we can get out of it a direct Coulomb scat-
tering &i17 .

In Section 3, we introduce the boson-departure opera-
tor D;; and the bare exchange coefficient A;p;; associated
to it.

In Section 4, we show how we can produce various
Coulomb exchange scatterings out of §ld,i,rij and Apnij.

In Section 5, we use our commutation technique to
calculate the matrix elements of the eract semiconductor
Hamiltonian between two-exact-exciton states.

In Section 6, we reconsider a previous approach [11] to
the exciton-exciton scattering rate in which enter these H
matrix elements and show why it cannot be correct.

1 Exact semiconductor Hamiltonian
and one-exciton states

The semiconductor conduction electrons correspond to S
states with a s = £1/2 spin along an arbitrary z direc-
tion. Let us call aL . the creation operator for such a free
conduction electron with momentum k and spin s. For the
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free valence electrons, the situation is much more complex:
According to the Kohn-Luttinger representation [12], the
valence energy matrix [13] is given by

Hy = Ak* + B(k - I35)%, (1)

if one neglects warping, I3/, being the 3/2 angular momen-
tum matrix. The Hy diagonalization, which is done by tak-
ing the z axis along the k direction, generates the so-called
light and heavy valence electrons. If we now add Coulomb
interaction, we have shown [14] that this Coulomb interac-
tion is not diagonal between heavy and light valence elec-
trons, a fact which seriously complicates the problem since
it mixes the m = £3/2 with the m = £1/2 valence states.
In quantum wells, one can forget about this complexity
because the £3/2 and +1/2 valence states having differ-
ent hole masses, they are shifted differently by the con-
finement, so that the heavy-light hole Coulomb coupling
usually gives a negligible contribution due to the splitting
energy induced by the confinement, which appears in de-
nominators. In bulk material however, the only consistent
way to forget about these heavy-light hole Coulomb cou-
plings is to assume B = 0, which corresponds to take all
the valence electrons with the same mass. In doing so, Hy
is diagonal for any k direction, so that the valence elec-
tron states are simply characterized by a quantum number
m = £3/2,+1/2, along a direction which is now arbitrary.
Let us call bLm the creation operator for such a free hole
with momentum k and angular momentum m.

The exact electron-hole semiconductor Hamiltonian
then reads

H:HO+‘/(3h+‘/(ee+th7 (2)
where
Hy=Y (A+ep)al ,axs+ Y enbl,, bm,
k,s k,m
h2k2 K2 k2
e __ h _
€k = o €k = oy’ (3)

A being the band gap. For quantum wells, m = £3/2,
while for bulk materials m = +3/2,+1/2, as a unique
hole mass my, is then assumed for the two hole bands.
Within this approximation, the Coulomb scattering of a
hole is diagonal with respect to its “spin” m, so that a hole
(k,m) is scattered into (k + q,m) with the same m. The
hole-hole, electron-hole and electron-electron interactions
thus read

th:% Z

q#0,k,k’,m,m’

Vq b;r(-i-cbm b;r(/—%m’ bk’,m’ bk:m’ (4)

_ 2 : T T
V;,h = — Vq ak+q78 bk/fq,m bk’,m a/k787 (5)
q#0,k,k’/,s,m
1 3 t t
‘/ee = — Vq (Zk_,’_q,s (Zk/_q7s/ ak’ s Ak, s, (6)
q#0,k,k’,s,s’

where Vg = 4\}7;22 in 3D and Vg = 2222 in 2D, with V being

the sample volume and S the well area.
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From the free electron and free hole operators aL < and

b;r{ ms one can construct the exciton operators B;r as

Bl = Bf, g, sm = 2 _(kilww) agee o Vo s (7)
k;

where we have set

K,? = k’i + aeQ’ia
Me,h

K/ = —k; + 0, Qi
(8)

Qe,h e + My
Q; and v; are the ¢ exciton center of mass momentum and
relative motion quantum parameter: In 3D, v; corresponds
to the quantum numbers (n;,l;, m;), while in 2D it corre-
sponds to two quantum numbers only (n;,m;). (k|x,,) is
the ¢ exciton relative motion wave function in k space. In
a similar way, it is possible to write the free electron-hole
pair operator in terms of exciton operators:

aLe,Si kahymi = Z<x’” |ahke - aekh> Bli,ke+kh,8i,mi’ (9)

v;

as checked by inserting equation (9) into equation (7). Let
us stress that this sum contains the bound states as well
as the diffusive states.

The one-exciton state B]|v), where |v) is the electron-
hole vacuum state, is eigenstate of H. Using equa-
tions (2-9), and the following Schrodinger equation for
the electron-hole relative motion in k space,

(f + e (klzn,) — > Vg (k+dala,) = €, (klz,,), (10)
q#0

where €,, is the energy of the relative motion state |z,, ),
it is indeed easy to check that

H Bl|v) = (Ho + Ven) Bl |v) = E; B|v),

n2Q?
Ei=Ate, +— 0
1 +€7'+2(me+mh)

(11)
Let us again stress that in 3D this result strongly relies on
the fact that the Coulomb interaction is diagonal between
holes, i.e. it does not contain terms in b;r(,fqym,bk/,m with
m' % m.

In many problems dealing with excitons, the photons
play an important réle. As a o4 photon with spin (J =
1, M = +£1) creates an exciton with the same total angular
momentum, it may appear appropriate to use, instead of
the (s;,m;) angular momentum variables of the separate
electron and hole, the (J;, M;) total angular momentum
variables of the exciton, with (J; = 2, M; = £2,4+1,0) or
(J; = 1,M; = £1,0). One can easily go from one set of
operators to the other by

qui7Qi»J717Mi = Z <Si’mi|Ji’Mi> qu‘,,Qi,Smmi’ (12)

8i,m;

Blqu‘,,Smmi = Z <Ji’ Mi|8i’ mi> qu‘,,Qi,JmMi'
JiyM;

(13)

507

Only two of these BZQ, 1, states are coupled to
light, namely (J; = 1, M; = £1), while the six other ex-
citon states correspond to the so-called “dark” excitons.
However, even if these dark excitons are not coupled to
light, they are generated by Coulomb scatterings so that
we must keep these 8 operators Bl,‘,,Qi, Ji, M, ANyway in
order to possibly describe the exciton-exciton scatterings
properly. Moreover, as the Coulomb interaction is diago-
nal within the (s,m) quantum numbers, but not within

the (J,M)’s, it is in fact far simpler to work with the 8

operators BI Q.s.m for all processes dealing with Coulomb

interactions, and just at the beginning and the end of
the calculations, use equations (12-13) to transform these

Blyst,m operators into the BI,Q,JA,M operators coupled to

the light. This is why all over this work, we will use the
B;Q,s,m operators only.

2 Coulomb creation operator V] and direct

Coulomb scattering &\

In standard problems with interactions, one usually di-
vides the system Hamiltonian H into Hy + V', where Hj
is the so-called “non-interacting” part, 7.e. the part of H
which can be diagonalized, while V is the interaction part,
i.e. the part of H which cannot be handled exactly, but is
hoped to be small enough to be treated as a perturbation.
In addition, when H can be written as Hy + V, the Hy
eigenstates form an orthogonal basis which can be used to
expand any state of the system.

For interacting excitons, even if we could guess that
the energies E; of individual excitons should appear in
the “non-interacting” part of an hypothetical exciton
Hamiltonian, one cannot divide the electron-hole Coulomb
interaction given in equation (5), into a part which would
bind a specific electron to a specific hole to form the
exciton, and a “rest” which would make this exciton to
interact with other excitons: The electrons, as well as the
holes, being indistinguishable particles, such a formal sep-
aration is indeed impossible.

A separation, similar in its spirit to the splitting H =
Hy+ YV, is nevertheless possible through our commutation
technique. If H is the exact semiconductor Hamiltonian,
given in equations (2-6), and if BZ is the ezact exciton
creation operator, given in equation (7), we find that their
commutator reads

|H.Bl] = BBl + V], (14)
where VJ is given by
ViT - Z Vami(a) BZqu‘,-‘rq,Smmi W-_q;
a#0,y
Wfq = ZGL—%S Op,s — Z b;f)—q,m bpym' (15>
p;s p.m

The coefficient 7;;(q), characterizes the scattering of a v;
exciton into a v; state under a q Coulomb excitation.
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Using the following relation,

> (wufk+aq) (klz,) = (2, |z, , (16)
k
it is easy to show that it is given by
Ni(Q) = (o, [T — T AT, ) - (17)

The analogy with the usual separation H = Hy+ V is

quite transparent if we note that equation (14) also reads

HB} = B! (H+E)+V/. (18)

By considering the state B;r |@), where |¢) is any electron-
hole state, equation (18) leads to

H Bl|¢) = E; B|¢) + Bl H|¢) + V]'|¢) -

In the first term, the contribution of the ¢ exciton to the
energy of the system is just E; as if this exciton were not
interacting with the other electrons or holes of |¢). The
second term corresponds to H acting on |¢) independently
of the presence of the i exciton: The operator (H + E;),
on the right hand side of B;r, thus plays the role of the Hy
part of the Hamiltonian for usual problems in which H
can be written as Hy+ V. The third term is there because
the i exciton does in fact interact with |¢). This operator
ViT thus describes all possible Coulomb interactions be-
tween the i exciton and the rest of the system. It has to
be seen as the formal equivalent of V in H = Hy + V. It
is however important to stress that, while the usual V'’s
conserve particles, i.e. contain the same number of cre-
ation operators a' and destruction operators a, the oper-
ator V;r is not a real potential in the sense that it contains
one additional electron-hole pair creation operator BT (see
Eq. (15)). This is why we call it Coulomb creation opera-
tor. In addition, usual two-body potentials have prefactors
which depend on four indices which are the ones of two
initial and two final states. We here see that the prefactors
appearing in ViT depend on two indices only, [ and 1.

In order to cope with these difficulties and generate a
“scattering” which depends on four indices, we can push
the commutation technique one step further and calculate

{V;T,B;]. Using equations (7-9) and (15), we find

.5 -
Z Vq PYlZ (q) Pyn] (7q) BZhQi-}-q,s“mi BZerj_q,Sj,m] )
q7#0,v1,vn
(19)
which formally reads
Vi, B]] = > &t, B Bl (20)
l,n

If we compare equation (19) to equation (20), and sym-
metrize the result with respect to (I,n) (which will appear
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convenient afterwards), we find that the direct Coulomb
scattering Eldﬁ% can be written as
di di di
glrﬁj = gnﬁj = El'rlL;i

LT adir (14 fdir (1

= LA e ) e ]
It contains an angular momentum contribution and an or-
bital contribution which appear as two independent fac-
tors. For direct processes, this angular momentum contri-
bution,

(21)

dir (1 4\ _
A (n j) - 58z,8i 6mlymi 557L75j 6mn,mj'a

just says that the [ exciton has the same electron and hole
momenta as the ¢ exciton and similarly for the n and j
excitons. Let us stress that this angular momentum part
would be much more complicated if the (J, M) variables
for the exciton total angular momentum were used; this
is why it is indeed appropriate to keep these (s, m) vari-
ables as long as we deal with Coulomb scatterings even if
they are not the good variables for semiconductor-photon
interaction.

The orbital part of this direct Coulomb scattering is
given by

édir (izij) _
0Qi+Q..Qi+Q; VQ,—q; 1i(Q1 — Qi) 1) (Qn — Qy)-

(22)

(23)

It of course contains the fact that the center of mass mo-
menta have to be conserved, Q; + Q; = Q; + Q,, in the
scattering. It also contains the two factors which charac-
terize the scatterings of one exciton from a v; state to a v
state and the other exciton from a v; state to a v, state,
under the Coulomb excitation Q; — Q; = —(Q, — Q;).

Appendix A contains the explicit calculation of these
~:(q) factors for the lowest S states.

Even if the above expression of édir (n j) is quite trans-
parent and extremely convenient for explicit calculations,
it will appear useful, when we will generate exchange
Coulomb processes, to note that this direct Coulomb scat-
tering is also equal to

L3

ENC) = Y (wnlk) (k) (i) (k)
ko o ki K
X Z Va [5K;,Kf+q ogn xr — (e < h)}
q70

X [5K$L,K;_q Sxch et — (e h)] (24)

In Appendix B, we show that this fdir (%) is noth-
ing but the direct part of the Coulomb interaction widely

quoted [7,15] in the effective boson exciton Hamiltonian,
namely

édir (ilLJ) = /dre drp, dre drps @7 (ve, th) ¢, (Ter, Thr)
X [Veer +Vin =Ven —Vern] ¢i(re, th)dj(Ter, hr)
_ [édir (; ln):| : (25)
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A? Ai
Y QP mg—i— ————i—-mi ViQi

Q-G

A .
n AJ

W <o — 4L <

n=n My — —mj i i
Fig. 1. Direct Coulomb scattering of an 4 exciton into an [
exciton, while a j exciton is scattered into an n exciton. As
Coulomb interaction conserves the angular momenta of elec-
trons and holes, we must have s; = s;, s = 55, m; = my,
mn, = mj. As it also conserves momenta, we must have
Q;+Q; = Q;+Qn, between the centers of mass of the “in” and
“out” excitons. Finally this direct Coulomb scattering contains
the quantities v;;(q) and vn;(—q), with g = Q; — Q;, which
characterize the scattering of a v; exciton into a v; state and a
v; exciton into a v, state, under a q excitation (see Eq. (17)).

where ¢;(re,ry) is the whole wave function of the ¢ =
(vi, Q;) exciton,

<re,rh | B |’U> = ¢i(re, 1)

= LeiQi'(aere+0¢}Lr}L)<re —rp|z,,)- (26)

vay

By these two successive commutators [H , BZ } and

[VJ, BH , we have found a formal way to generate a scat-

tering of two excitons (4, j) into two other excitons (I,n).
If we look at its expression given in equation (25), we see
that the coefficient fdir (ﬁl‘J) obtained by this procedure
turns out to have a very simple physical meaning: It corre-
sponds to all electron-electron, hole-hole and electron-hole
Coulomb interactions between (i,j) and (I,n), when the
initial and final excitons are made with the same electron-
hole pairs (e, h) and (¢’, h').

The scattering processes corresponding to édir (iL ij) are
shown in Figure 1: One of the electrons, or holes, suffers
a (Q: — Q;) Coulomb excitation, while another particle
has a —(Q; — Q;) excitation, the excitons before and after
the scattering being made with the same electron-hole
pairs. This is why we call it a direct Coulomb scattering,
by contrast with the exchange Coulomb scatterings which
will appear below, in which the excitons before and after
scattering are made with different pairs.

3 Boson departure operator D;; and bare
exchange coefficient Ay

Even if the above procedure allows to formally extract
from the whole electron-hole interaction the part which
corresponds to a Coulomb interaction between excitons,

509

such a formal extraction seeming not obvious at first, we
are far from having picked all the physics which controls
the interactions between excitons. Another rather subtle
origin of these interactions comes from the fermionic char-
acter of the excitons. From handwaving arguments, we can
say that two excitons feel each other even in the absence
of any Coulomb interaction, because they are made of two
fermions and the fermions of two excitons must be in dif-
ferent states. This condition in itself produces a “link”
between excitons. There is no need of Coulomb forces. It
is thus very likely that the exciton-exciton interaction has
to contain a purely fermionic contribution, quite different
from the Coulomb interaction dressed by exchange pro-
cesses as thought by everyone up to now.

In this quite tricky determination of the correct
exciton-exciton interaction, it is however highly necessary
to formalize the above handwaving argument. We want to
find a coefficient, which depends on four exciton indices
(Inij), and which originates from the fermionic character
of the excitons only. This coefficient has of course to be
linked to the fact that the excitons are not real bosons.
The most direct way to have this property appearing, is to
start with the commutator of two (exact) exciton creation
operators. It leads to the boson departure operator D;;
defined as

Dyj = bij — [Bi,B]T} . (27)
Using equation (7) and the standard commutation rules
for the fermion operators at and bt, we find that this op-
erator reads

Dij = Z <xVi

ki,kj

ki) (Kl )

T T
X [(Smi,mj (5K;L K CLK;SJ_ aKe,s; +(5si7sj 5K57K§ bK?m% bK;LVm/L_ .
(28)

D;; = 0 if we have both s; # s; and m; # m;.

From this boson departure operator, we can construct
a four index coefficient by taking the commutator of
this D;; operator with an exciton operator. Using equa-
tions (7, 9, 28), we find

[Dli; Bﬂ =23 Ainij B, (29)
n

where the bare exchange coefficient Aj,;; can here again
be split into an angular momentum part and an orbital
part:

1 exc i 3 i
Alnij = Anlij = Ainji = 5 [A h (il j) A (il j) + (= n)}
(30)
The angular momentum part,
AeXCh (ZLJ) = 651,51- 6ml,mj 65,”,51' 5mn,mia (31>

just says that the spins of the [ and ¢ electrons are the
same while the angular momentum of the [ hole is not the
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m, — - ~ m:
n ZL J
VnQn [)n (_ 'Aj VJQJ

Fig. 2. Bare exchange coefficient: The 7 and [ excitons are
made with the same electron but different holes; we do have
s; = s; but m; = m;.

one of the ¢ hole, as in Ad" (ﬁlij), but the one of the j
hole. The orbital part appears as

Ao = D (ewlk) (e, ka) (kilew,) (k)

ki kn ki k;
X(SKLS,KS(SK;L#K;L 5K5L»K§ 5K27K;L. (32)
In Appendix B, we show that this orbital part A (ilij)
can be rewritten in r space as

A (ZL]) = /dre drp, drer drps @) (re,vh) Pk (Ter, Thr)

X¢i (I‘e, I'h/) d)j (I‘e/ N I'h) = P\ (; ln)] . (33)
From the above expression, we see that, in this orbital
part, the electrons and the holes forming the excitons are
exchanged, the [ and ¢ excitons being made with the same
electron but different holes. Note that the (I <> n) term of
equation (30) restores the (e, h) symmetry in A;;, which
is broken in A (lnLJ)

Equation (33) shows in a transparent way that this
A (l il) exchange coefficient can exist because of the com-

posqtje nature of the excitons which can be formed in dif-
ferent ways, the electrons and the holes being indistin-
guishable fermions. An equally transparent link between
this coefficient and the composite nature of the excitons
can be obtained by considering the two-exciton operator
BJ BJT, each B being given by equation (7), and by bind-
ing the electrons and holes of these two B’s in a different
way through equation (9). This gives

BJ B} = — Z)\lm'j B;f B;fl, (34)
In

with the same prefactor A;,;; as the one of equation (29).
The electron-hole exchange appearing in the first term
of equation (30) is shown in Figure 2. It corresponds to
cross the holes when forming the (4, j) or (I,n) excitons: It
is indeed a bare exchange process in the sense that it does
not contain any Coulomb interaction, by contrast with the
Coulomb exchange processes which will appear later on.
The four §’s appearing in A (L%;) given in equation (32)
impose the expected exciton total momentum conserva-
tion Q; + Q; = Qi+ Q, as well as k; + k; = k; + k.
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Fig. 3. The dimensionless exchange coefficient A(p), given by
equation (38), as a function of P = pAap, for 2D excitons and
three different values of m./my. Thick solid line: m./mp = 0.
Thin solid line: me/my = 0.5. Dashed line: me/mp, = 1.

By expliciting these four §’s, we can rewrite A (%) in a
compact form,

A')
6Ql+Qn7Q7‘,+Qj Fl'rbij (ae(Ql - QL)) ah(Qn - Qz)) )

where Fi,,;;(p,p’) is a sum over one momentum only,

p+p p+p’
Enij (pa p/) = Z <$uz |k_ D) > <Il/‘n, |k+T>
Kk

p—p p—p
k R
x<+ 2|x)< .

Although less transparent for physical understanding, the
above expression of A (ln‘) is more convenient for explicit
calculations. When the four excitons are in S states, the
function Fi,;j(p,p’) a priori depends on three indepen-
dent parameters, p, p’ and the angle § between p and p’'.
Some interesting values of these parameters are:

(i) p =0 or p’ = 0, which corresponds to Q; = Q; or
Q.. = Q;: The final excitons have the same momenta as
the initial excitons;

(ii) # = 0 or # = m, which corresponds to p parallel
to p’. Qi — Q; is parallel to Q, — Q; = Q,; — Q; in the
particular case of Q; = Q; or Q; = Q,, i.e. when the two
initial or the two final excitons have the same momentum.
In this case, the two independent parameters can be taken
either as «a.|Q; — Q;| and a|Q, — Q;|, or better as the
momentum transfer |Q; — Q;| and the mass ratio m./my,.

In Appendix C, we have calculated Fj,;;(p,p’) when
all the v’s are equal to the 1S ground state and Q; = Q; =

Ql = Qn- We get

Flslslsls(oa 0) = (337{-/2)(13):/]/
= (47/5)a2 /S

(35)

|xw>~ (36)

in 3D

in 2D, (37)

a, being the 3D exciton Bohr radius. A
We have also numerically computed A (ilij) in the 2D

case, when v, = v, = v; = v; = , Qi =Q; =0,
Q; = —Q,, = p. Figure 3 shows
S .

Ap) = 574 (59). (38)
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for three values of m./my, as a function of P = pAap,
with Aap = a,/2 being the 2D Bohr radius. We see that
A(p) weakly depends on the mass ratio, and that it is
significant for values of p such that pAop < 4 only.

4 Coulomb exchange scatterings

From equation (33), we see that the \j,;; coefficient is
dimensionless. So that it has to be “cooked” with quanti-
ties homogeneous to an energy in order to possibly appear
in an exciton-exciton scattering. From the two energy-like
quantities we have yet found in this problem, namely the
bare energies of the excitons F; and the direct Coulomb
scattering fz there are of course various ways to con-
struct a Az dependent scattering. In the next section, we
will show that two specific combinations of the bare ex-
change coefficient A;,;; and the direct Coulomb scattering
fldrgj appear in a natural way, namely

rlght dir »

lnL] E : fln;m“ pTeg s (39)
left § : dir

lnz] )‘lnpr prij* (40)

They are shown in Figure 4.

The simplest way to calculate these sums is to use
equations (30-32) for Ajn;; and equations (21, 22, 24)
for £ We find

Inij*

glr;lgzl;t — (Aexch (l i ) grlght (lnLJ) + (l PN ’I’L)) , (41)
where the angular momentum conservation part
Aexceh (ﬁL’J) is just the one appearing in the bare ex-
change coefficient Ai,;; (Eq. (31)), while the orbital part
of this right exchange Coulomb term is given by

() = S (A (1)

p,r

= (k) (o, fka) (ki) (o)
ki, kn ki K;
X E Vq {5K§7K§+q5K;L#K?7(5K;L7K?+q5K§A’K§}
q70

X [(usyK;,q(sK%’K?75K%,K£z_q5K;’¢KJe} . (42)

Note that the second term of each bracket does not corre-
spond to (e < h) as for £4ir (L) given in equation (24).

The set of four §’s appearing in £rsht (l i ) again im-
pose the expected momentum conservation Qz +Q; =
Q; + Q.. By expliciting these four ¢ functions, it is possi-
ble to rewrite ftight (ﬁLij) in a more compact form in terms
of sums over q and one k only. In addition to the function
Finij(p, P’) appearing already in the bare exchange coef-

ficient (Eq. (36)), two other functions enter £risht (L5)

n j
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Fig. 4. Right exchange Coulomb scattering (a), and left ex-
change Coulomb scattering (b). In the right exchange scatter-
ing, the exchange of holes making the (i,j) excitons is made
before the direct Coulomb interaction which then scatters the
(p,r) excitons into (I,n) states. Note that the electron-hole in-
teractions are between the (I,n) excitons but inside the ()
excitons. Exchange and Coulomb processes conserving spins,
we do have s; = s;, sn, = s; along with m; = m;, m, = m;,
the holes being crossed in the process. Note that the (I < n)
change appearing in the definition of {ld,iﬁj and Ajni; generates
a similar term in which the electrons are crossed instead of the
holes. This restores the electron-hole symmetry.

They are defined by

k+

Gl(TL’L)L_](p7p q) Z<:L'Vz |k7

p+ p’> <x
Vn
. 2

p—p p—p
k Y (k-
><< + 5 +q|xl>< 5
!
k+m>

p+p’
G (p.psa)=> <ﬂf k- 2% ><a: :
k

!
<k+p 2p |a:,,> <kp 2p +q|:£l,J>~ (44)

p+p
2

|x> (43)

(We can see that Fin;;(p,p’) is also either GlmJ (p,p’;0)
or Gl(fl)” (p,p’;0).) In terms of these three functions, the
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right exchange Coulomb term reads

it (L) =6q1Q..qirq, O Va

q#0
X |:E7Lij (ae(Ql_Qi)_CIa ah(Qn_Qi))

+ﬂnij (ae(Ql_Qi)a ah(Qn_Qi) + CI)
_Gz(mj (ae(Qi=Qi), an(Qn—Qs); —q)

_Gz(i)w (ae(Qi—Qqs), an(Qn—Qi); q) |- (45)

This £right (ilz]) coefficient can be rewritten in a
form much more transparent for the physical understand-
ing, although much less convenient for calculations. In
Appendix B, we do show that

f“ght /dre drp, drer drps @) (re,1p) @ (Ter, Thr)

[Vee' +Vin —Ven —=Vern] ¢i(re,rnr) ¢j(rer, 1),
The physical meaning of this éright (ﬁlz) becomes now
clear: It contains the electron-electron and hole-hole in-
teractions between two excitons when these excitons are
made with their electrons and holes coupled in a different
way. With respect to the electron-hole interactions, the
situation is however more subtle as these interactions are
between the excitons on one side, but inside the excitons
of the other side, due to the exchange of the electrons or
holes making the excitons of the two sides. This 18" (ﬁLij)
turns out to be nothing but the exchange Coulomb inter-
action which appears in the exciton-exciton scattering co-
efficient of the effective boson exciton Hamiltonian widely
quoted [7].

The coefficient fllfffj reads as flr;gi?t except that Vip +
Ve, is replaced by Vep, + Verps in equation (46), so that
the electron-hole Coulomb interactions are now between
the (i, ) excitons and inside the (I,n) excitons. As a con-
sequence, the two coefficients £'°f* and £"8" verify

. *
gleft _ Erlght
Inij — ijln )

with a similar relation between the orbital parts éleft and
fright. This can also be seen from equations (25, 33, 39, 40).

From g;;gi?t and fllffitj, it is possible to construct a quan-
tity symmetrical with respect to the electron-hole interac-

tions, by taking
1/ .
h ht lef
e = 5 (e + el ).

Using equation (46), the corresponding orbital part of this
Coulomb exchange coefficient reads

(46)

(47)

(48)

feXCh /dre drp, drer drps @) (re,1h) O (ver, Thr)

1
X |:V:ae’ + Vi — 5(‘/8}1 + Vo + Ve + V:—:/h:|

X ¢i(te,rp) ¢j(rer,rh).  (49)
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It contains the four possible electron-hole Coulomb in-
teractions between two electrons and two holes. This

fﬁ’ffjh could be a reasonable scattering for the interaction

part of an hypothetical effective exciton Hamiltonian: As

feXCh

*
Inij = ( fﬁ%h) , its contribution would be hermitian,
right

Inij

left

which is not the case neither for & nor for &y alone.

5 Matrix element of H between two-exciton
states

In some physical problems such as the one considered
in Section 6 of this paper, we are led to consider the
matrix elements of the exact Hamlltonlan H between
two-exciton states, namely (v |BanHB B |v). Using
equations (14, 20) and V,'jv) = 0, as obvious from equa-
tion (15), we find

H B} Bljv) = (E; + E;)B] Bl|v) + Y _ &0 Bl Bl |v) -
p,r
(50)
So that this matrix element reads
<v |BlB,LHBZBJT.|v> = (E+E;) <v | BB, B} B! |v>
+ Z 371"123 v | BanB;T)BI | U> ' (51)

To go further, we must calculate (v|B; B,LBZBJT [v).
This is easily done using equations (27) and (29). Since
D;j|v) = 0, as obvious from equation (28), we get

(0| BiBABIB [0) = 016 + 00i 05 = 2ig. (52)
The two first terms are naive: They differ from zero for
(I,m) = (i,7), i.e. when the excitons on both sides are iden-
tical. The last term is more subtle. It has a fermionic ori-
gin: In addition to the fact that the coefficient Ay,;; is di-
rectly related to the boson deviation operator D;; through
equation (29), its fermionic origin can also be traced back
to equation (34) which says that a product of two exciton
operators writes as a sum of products of any two other
Bf’s so that BJBT in fact contains a “piece” of any BTBT

even if (I,n) # (i,7). In other words, the BTBT|v> states
do not form an orthogonal basis for two-pair states
By inserting equation (52) into equation (51), we get

<v | BB, HB| B! | v> = (Ei+E;) (813 6401 Oni—2\inis)
+2 (&5 — Einy) - (53)

This calculation thus produces the Coulomb exchange
term Ellfl{;t A similar calculation done with H acting on

the left gives
<v | .Ban]yB,j.B;L |’U> = (E1+En) (6“ 6nj+6lj 5ni*2)\lnij)

+2 (g, — gy (54)
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Fig. 5. The dimensionless difference between left and right
exchange scatterings Ag(p), given by equation (57), as a func-
tion of P = pAap, for 2D excitons and three different val-
ues of me/my. Thick solid line: me/m; = 0. Thin solid line:
me/mp = 0.5. Dashed line: m./mp = 1.

Here appears flrjﬁ.?t. From these two expressions of the
H matrix element, we deduce that Elr;lgz?t and Ellfffj are
linked by
left right
flm‘j - flm'j = (El + En — Ei — Ej))‘lnij; (55)

so that they are equal for E; + E,, = E; + E; only.

It is possible to check that equation (55) remains valid
when & and A\ are replaced by their orbital parts é and
A Using this equation, we can easily calculate the differ-
ence £'eft — grisht 4nd compare it to £ (or £r8ht). Ciuti
et al. [11] and Rochat et al. [9] have calculated £'ft (L%)
for 2D scatterings between v; = v; = 1S, Q; = Q; = 0,
and v = v, = 1S5, Q; = —Q,, = p. Figure 4 of refer-
ence (9) precisely shows

2
exch _ TS Fleft pO
(P) =~ g5t (—P 0) ’ (56)

as a function of P = pAsp, with A\ap being the 2D Bohr
radius. In our Figure 5 is shown
462/\2D

[éleft (71; g) B gright (7;;) 3)}
2

v
= gaeahpzx\ﬁp/l(p),

28
Aglp) = —

(57)

with A(p) given by equation (38). We see that, except for
very small pAgp, this difference is of the order of g®*<(p),
unless m, < my,.

We can rewrite the H matrix element between two-
exciton states in a more symmetrical form with respect to
(I,n) and (7, 7) by taking half the sum of equations (53)
and (54). If in addition, we consider this H matrix ele-
ment between two-exciton states normalized, but still not
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orthogonal, namely
B! Bi|v) 1
[Vji) = |[ij) = Lt 7z = ATBZB]”U%
(v|B:B; BBl |v) i
(58)

where N;; = (1+d;; — 2\;5i;)*/? due to equation (52), we
find, using equations (53-54),

1
<wln|H|wij> = §(El + En + Ei + Ej) 5lnij

2 ir exc
+ m [Eldnu - glnijh - (1 - 6l7lij)77lnij] . (59)

Oinij is equal to 1 when the excitons on both sides are
identical i.e. (I,n) = (7,7), and 0 otherwise, while 7,;; is
given by

Mnij = %(El + En + Ei + Ej)Ninij - (60)

The first term of this H matrix element just corre-
sponds to the energies of the non-interacting (i, j) or (I,n)
excitons if, in addition, the two-exciton states |¢);;) are as-
sumed to be orthogonal. The last terms of this H matrix
element come from interactions. They have three origins.
The first term, fﬁgj, is a direct Coulomb scattering be-
tween excitons made on both sides with the same electrons
and holes. The second term, 5?;{%1, is an exchange Coulomb
scattering in which the holes (or electrons) making the
excitons are exchanged. The last term, 7,5, has a purely
fermionic origin: It is directly linked to the fact that the
|1i;) and |4, ) states are not orthogonal for (I, n) # (4, j).
It does not exist in diagonal scatterings. Let us however
stress that, as nin:; depends on the sum of the four exci-
ton energies, it is band gap dependent; so that it is very
unlikely that such a 7;,;; term appears in a physical scat-
tering. We are going to come back to this problem in the
next paragraph.

It might be useful to mention that the diagonal matrix
element of H reduces to

(Wij | H i) = Ei + Ej + (&0 = €0 /(L + 655 — 2Xji5),

(61)
with 7" possibly replaced by 52‘%;” or &% as these three
scatterings are equal for diagonal processes. (E; + Ej) is
just what we would expect for the expectation value of the
Hamiltonian between two non-interacting boson-excitons
1 and j. The other terms come from scattering processes
between the ¢ and j excitons resulting from Coulomb in-
teraction and Pauli exclusion.

6 Exciton-exciton scattering rate

Let us end this work by considering a physical quantity in
which these H matrix elements between two-exciton states
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may appear in a direct way. Ciuti et al. (CSPQS) have
proposed [11] to calculate the elastic Coulomb scattering
of 1s excitons by 1s excitons, namely

(15,Q, )+(15, Q. ) — (1s,Q+q, S)+(1s,Q'~q, S}).
(62)

(see their Eq. (3)), from the matrix element of the exact
Hamiltonian H between these two-exciton states. Let us
rewrite this equation (62) as (i) + (j) — (1) + (n). In the
following we will drop the angular momentum parts for
simplicity, as they are unimportant for the problem we
raise.

The one-exciton wave function ¢q(re,rn) given in
their equation (1) is just our ¢;(re,rn) (see Eq. (26)),
while the two-exciton wave function qb%g, given in their
equation (4) reads, within our notations,

1
¢ij (rE; Tp, re/;rh’) = 5 [¢i(rea I'h) d)j (rE’arh/)

+ (I‘e,I‘h = re’arh’) - (re = re’) - (rh = rh’)] ) (63)
so that it is just the wave function of the state BZB;W).

It is possible to show directly from equation (63), i.e.
their equation (4), that
(Din|dij) = 61i Onj + 015 Opi —

2\inij (64)

with

1
Nois = 5 / dr. dry, dre dry [6f (fe,h) &% (rer, T)

+(l = n)] ¢i(re,vn) ¢j(rer,Th),

which is nothing but our equations (30, 33) and (52). As
a consequence, the |¢p,) states are not normalized. Equa-
tion (64) also shows that the initial and final states of the
exciton-exciton scattering considered in equation (62) are
not orthogonal for q # 0 or q # Q' — Q. So that, even
if for such q, the ¢ terms of equation (64) give zero, this
matrix element is not zero due to the A;p;; term.
According to CSPQS, the scattering amplitude corre-
sponding to the process of equation (62) should be equal to

Hl'(Q.Q.q) = (i|H|dw) (see their Eq. (6)),
where H is the exact two-electron and two-hole semi-
conductor Hamiltonian. Their equation (6) is nothing
but <v|BiBjHBlTBL|v> written in r space. Our equa-
tions (53, 54) immediately give

(65)

(v|BiB;HB] B |v) = 2 [¢5r —€l5tt, — (Ei+En)Aijin] (66)
=2 [ z(‘ijizrn*iright*(EHrEj))\iﬂn} , (67)

ijln
as the ¢ terms give zero for q # 0 and q # Q' — Q. If
we consider the results given by CSPQS in their equa-
tion (7), we see that the first two terms given by their
equations (12-14), exactly correspond to the two terms of
(2 f;lrn) (see our Egs. (21, 25)), while the last two terms

(their Eq. (16) and its “hole” equivalent) correspond to
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the two terms of (—252%,}?) (see our Egs. (41, 46)). Conse-
quently they should have found the result given in equa-
tion (67). Even if calculations in r space are quite cum-
bersome, it is in fact possible to check the existence of
the missing term (E; + E;)\iji, directly from a (tedious)
calculation of the right hand side of their equation (6).
The origin of their mistake probably comes from the fact
that they have considered the two states |¢,) and |¢;;)
as orthogonal, which is not true (see Eq. (64)).

The correct value of the (¢;;|H|¢r,) matrix element
given in equations (66—67) leads us to question the validity
of the whole procedure to determine the exciton-exciton
scattering rate.

(1) First the |¢;;) wave functions are not normalized, so
that it would be reasonable to use normalized states and
relate the exciton-exciton scattering not to (¢;;|H|¢din)
but to (¢ H|dim)/(bijl¢ij ) * (Bin|din)t/?. This would
add a prefactor to all scatterings (see Egs. (58-59)).

(ii) There is however a much more dramatic problem
with CSPQS procedure. The existence of the last terms
of equations (66-67) is highly non physical for an exciton-
exciton scattering: As it contains the exciton energy Ej +
E, (or E; + Ej;), which is essentially equal to twice the
band gap, such a scattering would be band gap dependent.
We could of course get rid of this problem by deciding to
use for H an Hamiltonian without the band gap i.e. by
dropping A in equation (3).

Actually the exciton-exciton scattering rate cannot
be related to this matrix element for more fundamen-
tal reasons. In usual problems dealing with interactions,
the Hamiltonian can be written as H = Hy + V. The
Fermi golden rule then says that the transition rate be-
tween two different Hy eigenstates |i) and |f) results from
the possible interaction between these two states through
|(f|V]i)]>. When these states are eigenstates of Hp, they
form an orthogonal basis, so that this transition rate is
also equal to |{f|H|i)|?, since (f|Hol|i) = 0 for |f) # |i).
All the difficulties here come from the fact that H cannot
be written as Hy + V: There is no Hamiltonian for which
the two-exciton states |¢y,) and |¢;;) are the (exact) eigen-
states, so that (i) these two-exciton states are not orthogo-
nal for (I,n) # (4, 7); (ii) the matrix elements of H between
these states have no reason to be equal to the matrix el-
ement of “the” interacting potential V' — which, anyway,
cannot be formally extracted from H. Consequently there
is no reason to believe that the exciton-exciton scattering
rate is given by |(¢in|H |dij)|.

7 Conclusion

We have reconsidered our commutation technique de-
signed to deal with interacting close-to-boson particles
and extended it to excitons with spin degrees of free-
dom. Although more cumbersome, the expressions of the
two important parameters of this commutation technique,
namely &3 and Ajy,;5, are still rather transparent. When
the “spins” of the electron and the hole making the exciton

are used — instead of the total kinetic momentum of the
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exciton —, these two parameters appear as a product of
a spin part and an orbital part which have both a very

simple physical meaning (see Eqgs. (22) and (25) for fﬁiﬁj
and Egs. (31) and (33) for Aji;). The first one fldﬁfj cor-

responds to all Coulomb interactions between the (i, 5)
or (I,n) excitons when, on both sides, these excitons are
made with the same electron-hole pairs (e, h) and (¢/, h').
The second one Aj,;; has a purely fermionic origin and is
simply related to the fact that the (i, j) and (I, n) excitons
can be made with different pairs, (e, k) (¢/,h’) and (e, h’)
(e’,h). This commutation technique allows to easily cal-
culate any matrix elements between exciton states in an
eract way. In this paper we have explicitly calculated the
matrix elements of H between two-exciton states and we
have shown that they cannot be related to the scattering
rate of two excitons as previously proposed.

Appendix A: Calculation of the ~;(q)

Using equation (17), v;(q) reads

Yii (Q) = ﬁul v (ahaxQ) - ﬁw vi (_aeaa:CI)a (68)
with G,/ (u) defined by
Buur () = (i [/ |2 ) = B, (~w), (69

and a; chosen to be the 3D Bohr radius.

From equation (69), we see that (8,,/(0) = d,,, the
value u = 0 being obtained either for q = 0 or for
te,p, =0, i.e. mp, (or me) infinite.

We can note that, if the v and v/ states have the same
parity, B,./(1) = Buu(—u), so that y;(q) = 0 for m, =
mp: There is no direct scattering towards a same parity
state if the electron and hole masses are equal.

We can also note that the scattering 7;;(q) depends on
q = |q| only if the (I,4) states are S states.

Let us now calculate some values of these 7;;(q), for
3D and 2D systems, when the (I, 4) states are S states.

1) 3D case

In 3D, the exciton relative motion wave function reads
<r|$V> = CL;S/Q QDL(/BD) (pa 0, 90)’ (70)

where p = r/a,. The wave functions of the lowest energy
S states are given by

SﬁgD) =e?/Vm,
In 3D, equation (69) reads for S states,
+o00 o - .
51(,?,?) (u) :/ dep/ dcp/ sin 6 do elupcos&
0 0 0

x PP (0,0,0) 5P (p, 0, ).

5P = (2 - p)eP/?)V32r. (T1)

(72)
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By inserting equation (71) into equation (72), we find
B () = ma (73)
T
R (75)

T30 (1 +4u2/9)3

From these 51(3}) (u), we can easily deduce the 'yl(f’D) (q)
according to equation (68), and the direct scattering fﬁgj
according to equation (23).

2) 2D case

In 2D, the exciton relative motion wave function reads

(2D)

(rlzy) = az' ¢} (76)

(p, #)-

The lowest energy S state wave functions are given by

oy = |22/ V) e,

D _ -
A = @732 VR (1= dp/3) e (1)
For 2D S states, equation (69) reads
Bi () =
+oo 27 . (2D)
/0 pdp /0 dp e 2 o (0, 0) 0,7 (p, ). (T8)
Inserting equation (77) into equation (78), we find
1 N S— 79
ls,ls(u) (1 + u2/16)3/27 ( )
@by, \ _ 1—(27u?/16) + (81u*/256)
25,28 (U) - (1 4 9u2/16)7/2 ’ (80)
7/2 2
(2D) - 3 u
1s,2s (u) - 29 (1 4 9U2/64)5/2 ’ (81)
From these 51(3}) (u), we can deduce the 'yl(iQD)(q) accord-
ing to equation (68) and the direct scattering §ld,i,rij accord-

ing to equation (23). For direct scatterings within the 1S
states only, we recover the result given in reference (11).

~

Appendix B: Expressions of é,dn'lrj, 5\",;]- and &
in r space

right
Inij

In order to show the equivalence between equa-
tions (24, 25), it is simpler to start from equation (25). Let
us consider the V.. term. By taking the Fourier transform
of V.er, namely

Voer = Z Vel lremrer) (82)

q#0
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adir (1) _
gee’ njj) —
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1
S (k) G ) il (sl ) 3 Vassy / dr. dry, dr., dry,

k; kn ki k; q#0
ol (K HK ) e+ (=K +K)rp +(— K +KS ) r o + (KR +K x| (84)

and the Fourier transform of the relative motion part of In 2D we get

the wave function given in equation (26), namely
’ (2D) o2ma? [T  adx 47 a?
1 K. K Flslslsls(ovo) = S 2216 = 58 ’ (89)
Gire,tn) = 35 D _(kilay,) €T I (83) o (+%)
k.

i

with K§ = k; + a.Q; and K? = —k; + a,Q;, we can
rewrite the Ve term of equation (25) as

see equation (84) above.

The integral being equal to 5Kvaf+q 5K;LK?5K§”K;_q
X(sKZ Kl We immediately recover the first term of equa-
tion (24).

By transforming in the same way the other terms in
Vinrs Venry, Vern, it is easy to derive equation (24) from
equation (25).

In order to show the equivalence of equations (32)
and (33), we can proceed similarly: By inserting equa-
tion (83) into equation (33) and by performing the inte-
gral, we immediately obtain equation (32).

We do the same to show the equivalence of equa-
tions (42, 46): We insert equations (82, 83) into equa-
tion (46) and perform the integral. This immediately gives
the first term of equation (42). The same transformation
of the terms in Vyp/, Venr, Ve, leads to the three other
terms of equation (42).

Appendix C: Explicit calculation

of Figs1415(0,0)

From equation (36), we get

Flslslsls(Oa 0) = Z |<k|‘r1$>|4

k

(85)

The Fourier transforms of the relative motion wave func-
tions (k|x14) are respectively given, in 3D and 2D, by

8\/Ea2/2

k|zis (BD) = —_, 86
iKi2e] V(1 + a2k2)? (86)
V2
(kl1,)CP) = NTET (87)
a2 k?
\/g (1 + ‘%)
a, being the 3D exciton Bohr radius.
In 3D we thus obtain
21 g3 T 22dx 33na’
FBP) - (0,0) = z / - z
lslslsls( s ) V 0 (1 4 I2)8 2V (88)
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